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The usual stepped wedge

Period
1

Period
2

Period
3

Period
4

Cluster 1 0 1 1 1

Cluster 2 0 0 1 1

Cluster 3 0 0 0 1

K clusters; T periods; K × T cluster-period cells
m subjects per cell
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Optimal designs: where to allocate?

Optimal designs seek to allocate a fixed number of subjects in such a
way so as to maximise power.
• Example: to which treatment sequence should a cluster be

assigned?

0 1 1 1

0 0 1 1

0 0 0 1

?

Jess Kasza (Monash) Information content of SW cells 3 / 18



Minimal designs: which to measure?

Minimal designs seek to reduce the total number of subjects with a
minimal decrease in power.
• Which cells can be excluded?

0 1 1 1

0 0 1 1

0 0 0 1
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Minimal designs: which to measure?

Minimal designs seek to reduce the total number of subjects with a
minimal decrease in power.
• Which cells can be excluded?

0 1 1 1

0 0 1 1

0 0 0 1

My focus is on minimal designs:
aim to reduce trial costs by omitting cells.

Which cells can be omitted with the smallest acceptable decrease in
power (or precision)?
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Models for continuous outcomes

Yikt : outcome for subject i = 1, . . . ,m, in cluster k = 1, . . . ,K ,
during period t = 1, . . . ,T

Xkt : treatment indicator for cluster k in period t

Hussey and Hughes (‘standard’ model):

Yikt = βt + Xktθ + Ck + εikt , Ck ∼ N(0, τ2), εikt ∼ N(0, σ2
ε )

Intra-cluster correlation: ρ0 =
τ2

τ2 + σ2
ε

θ̂ the weighted least squares estimator of the treatment effect θ.

• var(θ̂) of interest: used in sample size calculations.

How much does var(θ̂) increase if observations from a given cell
are omitted?

Jess Kasza (Monash) Information content of SW cells 5 / 18



Models for continuous outcomes

Yikt : outcome for subject i = 1, . . . ,m, in cluster k = 1, . . . ,K ,
during period t = 1, . . . ,T

Xkt : treatment indicator for cluster k in period t

Hussey and Hughes (‘standard’ model):

Yikt = βt + Xktθ + Ck + εikt , Ck ∼ N(0, τ2), εikt ∼ N(0, σ2
ε )

Intra-cluster correlation: ρ0 =
τ2

τ2 + σ2
ε

θ̂ the weighted least squares estimator of the treatment effect θ.
• var(θ̂) of interest: used in sample size calculations.

How much does var(θ̂) increase if observations from a given cell
are omitted?

Jess Kasza (Monash) Information content of SW cells 5 / 18



Information content of each cell

Calculate var(θ̂) given the complete design:

0 1 1 1

0 0 1 1

0 0 0 1

Calculate var(θ̂)[kt] from the incomplete design, omitting period t of
cluster k :

0 1 1 1

0 0 1 1

0 0 0 1

Information content of cell (k , t) defined as

IC(k , t) = var(θ̂)[kt]/var(θ̂)
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Information content of cells: theoretical results

Can obtain a closed-form expression for IC(k , t) = var(θ̂)[kt]/var(θ̂) for
the Hussey and Hughes model (and for related models)1

• I’ll spare you the gory details!

For this (and related) models, IC(k , t) has the following properties:

Centrosymmetry: IC(k , t) = IC(K + 1− k ,T + 1− t)

Information-free cells: IC
(K+1

2 ,1
)
= IC

(K+1
2 ,T

)
= 1

1Such as those considered in Hooper et al (Stats in Med, 2016), Girling and
Hemming (Stats in Med, 2016): an analytical expression for IC(k , t) is available
whenever the inverse of the covariance matrix of observations from a cluster has a
closed form.
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC
(

K + 1
2

,1
)

= IC
(

K + 1
2

,T
)

= 1, IC(k , t) = IC(K+1−k ,T+1−t)
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC (2,1) = IC (2,4) = 1, IC(k , t) = IC(4− k ,5− t)
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0 1 1 1

0 0 1 1
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Information content of cells for K = 3 and T = 4

0 1 1 1
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC (2,1) = IC (2,4) = 1, IC(k , t) = IC(4− k ,5− t)

IC(k , t) for all k , t :

A

1 1

A
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC (2,1) = IC (2,4) = 1, IC(k , t) = IC(4− k ,5− t)

IC(k , t) for all k , t :

A B

1 1

B A
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC (2,1) = IC (2,4) = 1, IC(k , t) = IC(4− k ,5− t)

IC(k , t) for all k , t :

A B C

1 1

C B A
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC (2,1) = IC (2,4) = 1, IC(k , t) = IC(4− k ,5− t)

IC(k , t) for all k , t :

A B C D

1 1

D C B A
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Information content of cells for K = 3 and T = 4

0 1 1 1

0 0 1 1

0 0 0 1

IC (2,1) = IC (2,4) = 1, IC(k , t) = IC(4− k ,5− t)

IC(k , t) for all k , t :

A B C D

1 E E 1

D C B A
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Particular examples

Hussey and Hughes model:

Yikt = βt + Xktθ + Ck + εikt , Ck ∼ N(0, τ2), εikt ∼ N(0, σ2
ε )

Intra-cluster correlation: ρ0 =
τ2

τ2 + σ2
ε

• Fix total variance at unity: τ2 + σ2
ε = 1⇒ ρ0 = τ2 = 0.05

• m = 100 subjects per cluster-period cell
• Consider standard SW designs with T = 4,10,15,20 periods.

Calculate IC(k , t) for K = 1, . . . ,K , T = 1, . . . ,T .
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Design matrix: T = 4
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Design matrix: T = 15
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Design matrix: T = 20

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

0

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

0

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

0

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

0

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

0

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

0

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

0

0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

0

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

0

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

0

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

0

5

10

15

20

0 5 10 15 20

Period

C
lu

s
te

r

Jess Kasza (Monash) Information content of SW cells 13 / 18



Information content of cells: m = 100, ρ0 = 0.05
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Information content of cells: m = 100, ρ0 = 0.05
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Information content of cells: m = 100, ρ0 = 0.05

1.01219

1.0087

1.00581

1.00351

1.00179

1.00064

1.00007

1.00007

1.00064

1.00179

1.00351

1.00581

1.0087

1.01219

1.01677

1.01252

1.00897

1.00603

1.00368

1.00191

1.00072

1.0001

1.00005

1.00057

1.00167

1.00334

1.00559

1.00843

1.01227

1.01639

1.01285

1.00925

1.00626

1.00386

1.00204

1.0008

1.00013

1.00003

1.0005

1.00155

1.00317

1.00537

1.00849

1.01195

1.01601

1.01318

1.00953

1.00649

1.00404

1.00217

1.00088

1.00016

1.00002

1.00044

1.00144

1.00301

1.00542

1.00823

1.01163

1.01564

1.01352

1.00982

1.00672

1.00422

1.00231

1.00097

1.0002

1.00001

1.00038

1.00133

1.00305

1.00521

1.00797

1.01132

1.01528

1.01386

1.01011

1.00696

1.00441

1.00245

1.00106

1.00024

1

1.00033

1.00136

1.00289

1.00501

1.00771

1.01101

1.01492

1.01421

1.01041

1.00721

1.00461

1.00259

1.00115

1.00029

1

1.00034

1.00125

1.00274

1.0048

1.00746

1.01071

1.01456

1.01456

1.01071

1.00746

1.0048

1.00274

1.00125

1.00034

1

1.00029

1.00115

1.00259

1.00461

1.00721

1.01041

1.01421

1.01492

1.01101

1.00771

1.00501

1.00289

1.00136

1.00033

1

1.00024

1.00106

1.00245

1.00441

1.00696

1.01011

1.01386

1.01528

1.01132

1.00797

1.00521

1.00305

1.00133

1.00038

1.00001

1.0002

1.00097

1.00231

1.00422

1.00672

1.00982

1.01352

1.01564

1.01163

1.00823

1.00542

1.00301

1.00144

1.00044

1.00002

1.00016

1.00088

1.00217

1.00404

1.00649

1.00953

1.01318

1.01601

1.01195

1.00849

1.00537

1.00317

1.00155

1.0005

1.00003

1.00013

1.0008

1.00204

1.00386

1.00626

1.00925

1.01285

1.01639

1.01227

1.00843

1.00559

1.00334

1.00167

1.00057

1.00005

1.0001

1.00072

1.00191

1.00368

1.00603

1.00897

1.01252

1.01677

1.01219

1.0087

1.00581

1.00351

1.00179

1.00064

1.00007

1.00007

1.00064

1.00179

1.00351

1.00581

1.0087

1.01219

0

5

10

15

0 5 10 15

Period

C
lu

s
te

r

Jess Kasza (Monash) Information content of SW cells 16 / 18



Information content of cells: m = 100, ρ0 = 0.05
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Final points

• Periods near the treatment cross-over tend to be most valuable...
• But the “hot corners” are also necessary (allow for time effects)

• Logistical vs. statistical value of cells?

Here we assumed a simple structure for within-cluster correlations
• Hussey and Hughes: correlation does not depend on the time

between observations from same cluster.
• What if the correlation between observations from the same

cluster decays over time?

You can explore the information content of cells in your own cluster
randomised trial at:

https://jkasza.shinyapps.io/InformationContentofCells
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A more complex intra-cluster correlation structure

• Hussey and Hughes:

Yikt = βt + Xktθ + Ck + εikt , Ck ∼ N(0, τ2), εikt ∼ N(0, σ2
ε )

corr(Yikt ,Yjkt) = corr(Yikt ,Yjks) =
τ2

τ2 + σ2
ε

• Exponential decay model:

Yikt = βt +Xktθ+CPkt + εikt , CPk ∼ NT (0, τ2R), εikt ∼ N(0, σ2
ε )

R[t , s] = r |t−s| ⇒ corr(Yikt ,Yjkt) =
τ2

τ2 + σ2
ε

but corr(Yikt ,Yjks) =
τ2

τ2 + σ2
ε

r |t−s|

Key difference: the correlation between two observations in the same
cluster now depends on the amount of time between them!
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Exponential decay and information content of clusters

Yikt = βt + Xktθ + CPkt + εikt , CPk ∼ NT (0, τ2R), εikt ∼ N(0, σ2
ε )

R[t , s] = r |t−s| ⇒ corr(Yikt ,Yjkt) =
τ2

τ2 + σ2
ε

, corr(Yikt ,Yjks) =
τ2

τ2 + σ2
ε

r |t−s|

Consider same design parameters as previously:
• Fix total variance at unity: τ2 + σ2

ε = 1⇒ ρ0 = τ2 = 0.05
• m = 100 subjects per cluster-period cell
• Consider standard SW designs with T = 4,10,15,20 periods.

What about r? Set r = 0.95⇒ 5% decay in correlation per period.
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Information content of cells: m = 100, ρ0 = 0.05,
r = 0.95
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Information content of cells: m = 100, ρ0 = 0.05,
r = 0.95
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Information content of cells: m = 100, ρ0 = 0.05,
r = 0.95
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Information content of cells: m = 100, ρ0 = 0.05,
r = 0.95
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